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GORENSTEIN PROJECTIVE PRECOVERS
SERGIO ESTRADA, ALINA IACOB, KATELYN YEOMANS
Abstract. We prove that the class of Gorenstein projective mod-
ules is special precovering over any left GF-closed ring such that
every Gorenstein projective module is Gorenstein flat and every
Gorenstein flat module has finite Gorenstein projective dimension.
This class of rings includes (strictly) Gorenstein rings, commuta-
tive noetherian rings of finite Krull dimension, as well as right
coherent and left n-perfect rings. In section 4 we give examples of
left GF-closed rings that have the desired properties (every Goren-
stein projective module is Gorenstein flat and every Gorenstein flat
has finite Gorenstein projective dimension) and that are not right
coherent.
Key words and phrases. Gorenstein projective, Gorenstein flat, precover.
1. introduction
The class of Gorenstein projective modules is one of the key elements
in Gorenstein homological algebra. So it is natural to consider the
question of the existence of the Gorenstein projective precovers.
The existence of the Gorenstein projective prevovers over Gorenstein
rings is known (Enochs-Jenda, 2000). Then Jørgensen proved their
existence over commutative noetherian rings with dualizing complexes
(2007). More recently (2011), Murfet and Salarian proved the existence
of the Gorenstein projective precovers over commutative noetherian
rings of finite Krull dimension. In [4] we extended their result: we
proved that if R is a right coherent and left n-perfect ring, then the
class of Gorenstein projective complexes is special precovering in the
category of unbounded complexes, Ch(R). As a corollary we obtained
the existence of the special Gorenstein projective precovers in R−Mod
over the same type of rings.
We prove that the class of Gorenstein projective modules is special
precovering over any left GF-closed ring R such that every Gorenstein
projective module is Gorenstein flat and every Gorenstein flat module
2000 Mathematics Subject Classification. 18G25; 18G35.
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has finite Gorenstein projective dimension. This class of rings includes
that of right coherent and left n-perfect rings. But the inclusion is a
strict one: in section 4 we give examples of left GF-closed rings that
have the desired properties (every Gorenstein projective is Gorenstein
flat and every Gorenstein flat has finite Gorenstein projective dimen-
sion), and that are not right coherent.
2. preliminaries
Throughout the paper R will denote an associative ring with identity.
Unless otherwise stated, by module we mean left R-module.
We will denote by Proj the class of all projective modules. We recall
that an R-module M is Gorenstein projective if there exists an exact
and Hom(−, P roj) exact complex of projective modules
P = . . .→ P1 → P0 → P−1 → . . . such that M = Ker(P0 → P−1).
We will use the notation GP for the class of Gorenstein projective mod-
ules.
We also recall the definitions for Gorenstein projective precovers, cov-
ers, and special precovers.
Definition 1. A homomorphism φ : G → M is a Gorenstein pro-
jective precover of M if G is Gorenstein projective and if for any
Gorenstein projective module G′ and any φ′ ∈ Hom(G′,M) there exists
u ∈ Hom(G′, G) such that φ′ = φu.
A Gorenstein projective precover φ is said to be a cover if any v ∈
EndR(G) such that φv = φ is an automorphism of G.
A Gorenstein projective precover φ is said to be special if Ker(φ) is
in the right orthogonal class of that of Gorenstein projective modules,
GP⊥ = {L,Ext1(G′, L) = 0 for all Gorenstein projective modules G′}.
The importance of the Gorenstein projective (pre)covers comes from
the fact that they allow defining the Gorenstein projective resolu-
tions: if the ring R is such that every R-module M has a Goren-
stein projective precover then for every M there exists a Hom(GP,−)
exact complex . . . → G1 → G0 → M → 0 with G0 → M and
Gi → Ker(Gi−1 → Gi−2) Gorenstein projective precovers. Such a
complex is called a Gorenstein projective resolution of M ; it is unique
up to homotopy so it can be used to compute right derived functors of
Hom.
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We also use Gorenstein flat modules. They are defined in terms of the
tensor product:
Definition 2. A module G is Gorenstein flat if there exists an exact
complex of flat modules F = . . . → F1 → F0 → F−1 → . . . such that
I ⊗ F is still exact for any injective right R-module I, and such that
G = Ker(F0 → F−1).
We will use GF to denote the class of Gorenstein flat modules.
The Gorenstein flat precovers, covers and resolutions are defined in a
similar manner to that of the Gorenstein projective ones (simply re-
place GP with GF in the definition).
3. main result
We recall that a ring R is left GF-closed if the class of Gorenstein
flat left R-modules is closed under extensions. In this case, GF is a
projectively resolving class (by [1]).
Our main result is the existence of special Gorenstein projective precov-
ers over any left GF-closed ring such that every Gorenstein projective
is Gorenstein flat and every Gorenstein flat has finite Gorenstein pro-
jective dimension.
We will use the following:
Proposition 1. Every module of finite Gorenstin projective dimension
has a special Gorenstein projective precover.
Proof. Let G be a module of finite Gorenstein projective dimension,
G.p.d.G = d < ∞. Then there exists an exact sequence 0 → C →
Pd−1 → . . .→ P0 → G→ 0 with all Pi projective modules and with C
Gorenstein projective.
Since C ∈ GP there is an exact and Hom(−, P roj) exact sequence
0→ C → Td−1 → . . .→ T0 → D → 0 with each Tj projective and with
D a Gorenstein projective module.
The fact that each Pi is projective allows constructing a commutative
diagram:
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0 C Td−1 · · · T0 D 0
0 C Pd−1 · · · P0 G 0
//
✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
//

✤
✤
✤
✤
✤
✤
✤
✤
// //

✤
✤
✤
✤
✤
✤
✤
✤
//

✤
✤
✤
✤
✤
✤
✤
✤
✤
//
// // // // // //
This gives an exact sequence 0 → Td−1 → Pd−1 ⊕ Td−2 → . . . →
P1 ⊕ T0 → P0 ⊕D
δ
−→ G→ 0.
Let W = Ker(δ). The exact sequence 0 → Td−1 → Pd−1 ⊕ Td−2 →
. . . → P1 ⊕ T0 → W → 0 with all Ti and all Pj projective modules
gives that W has finite projective dimension, so W ∈ GP⊥. The exact
sequence 0 → W → P0 ⊕ D
δ
−→ N → 0 with P0 ⊕ D Gorenstein
projective and with W ∈ GP⊥ shows that δ is a special Gorenstein
projective precover. 
Our main result is the following:
Theorem 1. Let R be a left GF-closed ring. If every Gorenstein pro-
jective module is Gorenstein flat and every Gorenstein flat R-module
has finite Gorenstein projective dimension then the class of Gorenstein
projective modules is special precovering in R −Mod.
Proof. Let RX be any left R-module. Since R is left GF-closed, the
class of Gorenstein flat modules is covering in R−Mod ([11, Corollary
3.5]). So there exists an exact sequence 0 → Y → N → X → 0 with
N Gorenstein flat and with Y ∈ GF⊥ ⊂ GP⊥ (because we have that
GP ⊂ GF). Since N has finite Gorenstein projective dimension, by
Proposition 1, there is an exact sequence 0→W → T → N → 0 with
T Gorenstein projective and W ∈ GP⊥.
Form the pull back diagram:
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0 0
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0 A T X 0
0 Y N X 0
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//
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✤
✤
//
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✤
✤
✤
//
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✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
//
// // // //
The exact sequence 0 → W → A → Y → 0 with W , Y ∈ GP⊥ gives
A ∈ GP⊥. So we have an exact sequence 0 → A → T → X → 0 with
T ∈ GP and A ∈ GP⊥. It follows that T → X is a special Gorenstein
projective precover of X .

Corollary 1. Let R be a left GF-closed ring such that GP ⊆ GF and
every Gorenstein flat module has finite Gorenstein projective dimen-
sion. Then (GP,GP⊥) is a complete hereditary cotorsion pair.
Proof. - We prove first that (GP ,GP⊥) is a cotorsion pair.
Let X ∈⊥(GP⊥). By Theorem 1 there exists an exact sequence 0 →
A → B → X → 0 with B Gorenstein projective and with A ∈ GP⊥.
Then Ext1(X,A) = 0, so the sequence is split exact. Since B ≃ A⊕X
it follows that X is Gorenstein projective. Thus ⊥(GP⊥) = GP .
- The pair (GP,GP⊥) is complete by Theorem 1.
- Since the class of Gorenstein projective modules is projectively re-
solving ([6, Theorem 2.5]) the pair (GP ,GP⊥) is hereditary.

Examples of left GF-closed rings such that every Gorenstein projec-
tive is Gorenstein flat and every Gorenstein flat has finite Gorenstein
projective dimension:
1. Gorenstein rings
2. commutative noetherian rings of finite Krull dimension: by [2] over
such a ring every Gorenstein projective is Gorenstein flat and every
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Gorenstein flat has finite Gorenstein projective dimension
We prove next that every right coherent and left n-perfect ring also
satisfies Theorem 1.
We recall that a ring R is right coherent if every direct product of flat
left R-modules is a flat module. We consider right coherent rings such
that every flat left R-module has finite projective dimension. In this
case there exists an integer n ≥ 0 such that pdRF ≤ n for any flat
R-module F . Such a ring R is called a left n-perfect ring.
In order to prove that every such ring satisfies the hypotheses of The-
orem 1, we will need to argue that over these rings every Gorenstein
flat module has finite Gorenstein projective dimension.
We give an equivalent characterization below (Proposition 2) of the
condition that G.p.d.G <∞ for any Gorenstein flat module G. It uses
the following Lemma:
Lemma 1. Let R be a left n-perfect ring. If F is a flat R-module then
there exists an exact sequence 0 → F → S0 → S1 → . . . → Sn → 0
with all Sj flat and cotorsion modules.
Proof. Since (F lat, Cotorsion) is a complete cotorsion pair, there exists
a short exact sequence 0→ F → S0 → F 0 → 0 with S0 cotorsion and
with F 0 a flat module. And since F is flat, it follows that S0 is both
flat and cotorsion. Similarly, there exists an exact sequence 0→ F 0 →
S1 → F 1 → 0 with S1 flat and cotorsion and F 1 flat. Continuing, we
obtain an exact sequence 0→ F → S0 → . . .→ Sn−1 → F n → 0 with
all Si flat and cotorsion and with F n flat.
We show that F n is also cotorsion. Let K be a flat module. Since
pdRK ≤ n, we have that Ext
n+1(K,F ) = 0. And since all Si are
flat and cotorsion, we have that Extn+1(K,F ) ≃ Ext1(K,F n). So
Ext1(K,F n) = 0 for all flat R-modules K, therefore F n is cotorsion.

We can prove now:
Proposition 2. Let R be a left GF-closed and left n-perfect ring. The
following are equivalent:
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1. GpdRG ≤ n for any Gorenstein flat module G.
2. GpdRG <∞ for any Gorenstein flat module G.
3. Exti(G,F ) = 0 for any Gorenstein flat module G, any flat and
cotorsion module F and all i ≥ 1
Proof. 1. ⇒ 2. is immediate.
2. ⇒ 3. Let F be flat and cotorsion and let G′ be a Gorenstein flat
R-module. Then there exists a strongly Gorenstein flat module G such
that G′ is a direct summand of G (by [1]). Since there exists an ex-
act sequence 0 → G → K → G → 0 with K flat it follows that
Exti(G,F ) ≃ Ext1(G,F ) for all i ≥ 1. And since GpdRG < ∞ and
F lat ⊂ GP⊥, there exists l such that Extj(G,F ) = 0 for any j ≥ l+1.
By the above, Exti(G,F ) = 0 for all i ≥ 1. Since Exti(G′, F ) is a
direct summand of Exti(G,F ) = 0 it follows that Exti(G′, F ) = 0 for
all i ≥ 1.
3. ⇒ 1. Let G ∈ GF . Then there exists an N-totally acyclic complex
N such that G = Z0(N). Consider a partial projective resolution of N :
0 → C → Pn−1 → . . . → P0 → N → 0. Then C is an exact complex.
Since for each j we have an exact sequence 0→ Cj → Pn−1,j → . . .→
P0,j → Nj → 0 with all Pi,j projective and since pdRNj ≤ n it follows
that Cj is projective for all j.
Also for each j there is an exact sequence 0 → Zj(C) → Zj(Pn−1) →
. . .→ Zj(P0)→ Zj(N)→ 0. Since Zj(N) is Gorenstein flat and Zj(Pi)
is projective for all i and since the ring R is left GF-closed, it follows
that Zj(C) is Gorenstein flat for all i.
We show that C isHom(−, F lat) exact, and so all Zj(C) are Gorenstein
projective modules.
Let F be a flat module. Since R is left n-perfect there exists an exact
sequence 0 → F → S0 → . . . → Sn → 0 with all Si flat and cotorsion
modules. By the hypothesis, we have Exti(Zj(C), S
t) = 0 for all i, all
j, and all 0 ≤ t ≤ n. Then Exti+n(Zj(C), F ) = 0 for all i ≥ 1. Since C
is a complex of projective modules there is also an exact sequence 0→
Zj+n(C) → Cj+n → . . . → Cj+1 → Zj(C) → 0 with all Ci projective.
This gives that Exti+n(Zj(C), F ) ≃ Ext
i(Zj+n(C), F ), so we obtain
that Exti(Zj+n(C), F ) = 0 for all j and for all i ≥ 1. Then for j → j−n
we obtain that Exti(Zj(C), F ) = 0 for all i ≥ 1. So Hom(C, F ) is exact
for all flat modules F . In particular, C is a totally acyclic complex of
projective modules, so Zj(C) is Gorenstein projective for all j. The
exact sequence 0→ Zj(C)→ Zj(Pn−1)→ . . .→ Zj(P0)→ Zj(N)→ 0
gives that GpdRZj(N) ≤ n for all j. 
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We can prove now:
Theorem 2. If R is right coherent and left n-perfect then (GP ,GP⊥)
is a complete hereditary cotorsion pair.
Proof. It is known that every right coherent ring is left GF-closed ([1]).
It is also known that if R is right coherent and left n-perfect then ev-
ery Gorenstein projective module is Gorenstein flat ([2]). So in order
to prove that a right coherent and left n-perfect ring satisfies Theo-
rem 1 it suffices to check that every Gorenstein flat module has finite
Gorenstein projective dimension. By Lemma 1 this is equivalent with
showing that Exti(G,F ) = 0 for all i ≥ 1, for any Gorenstein flat
module G and any flat and cotorsion module F .
Let F be flat and cotorsion. Consider the pure exact sequence
0→ F → F++ → Y → 0
Since F is flat and R is right coherent, the module F++ is also flat.
Since the sequence is pure exact it follows that Y is also flat. Then
since F is cotorsion we have Ext1(Y, F ) = 0, so F++ ≃ F ⊕ Y , and
therefore Exti(G,F++) ≃ Exti(G,F )⊕ Exti(G, Y ) for all i ≥ 1.
We have Exti(G,F++) ≃ Exti(F+, G+). For a Gorenstein flat module
G its character module G+ is Gorenstein injective (by [6]), so we have
that Exti(F+, G+) = 0 for all i ≥ 1 (because F+ is injective). Thus
Exti(G,F++) = 0 and therefore Exti(G,F ) = 0 for all i ≥ 1.
So any right coherent and left n-perfect ring R satisfies Theorem 1.
Then by Corollary 1, (GP ,GP⊥) is a complete hereditary cotorsion
pair. 
Remark 1. We already proved in [4] that the class GP is special pre-
covering over any right coherent and left n-perfect ring R. For com-
pleteness, we included a different proof here.
4. examples of non coherent rings that are left
GF-closed, such that GP ⊆ GF , and every Gorenstein
flat has finite Gorenstein projective dimension
We proved in the previous section that the class of right coherent and
left n-perfect rings is contained in that of rings satisfying Theorem 1.
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We show that this inclusion is a strict one.
1) Consider the ring R below.
R =

 Q Q R0 Q R
0 0 Q

 /

 0 0 R0 0 0
0 0 0


Its Jacobson radical is
J(R) =

 0 Q R0 0 R
0 0 0

 /

 0 0 R0 0 0
0 0 0


Then we have that
R
J(R)
≃

 Q Q R0 Q R
0 0 Q

 /

 0 Q R0 0 R
0 0 0


This is isomorphic to the ring of diagonal matrices with entries from
Q, so isomorphic to Q ×Q ×Q which is semisimple. Also J(R)2 = 0.
So R is semiprimary.
Since K =

 0 0 R0 0 0
0 0 0


is a two sided ideal of the ring A =

 Q Q R0 Q R
0 0 Q


it follows that gl.dim(R) = gl.dim.(A/K) ≤ 2 (by [5], Theorem 3).
Since R is semiprimary, it is perfect on both sides. By the above it also
has finite global dimension. Since every Gorenstein flat has finite pro-
jective dimension, we have F lat = GF . Similarly, Proj = GP . Thus
Proj = F lat = GP = GF . So R is left GF-closed, and GP = GF
The right ideal I of R
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I =

 0 Q R0 0 0
0 0 0

 /

 0 0 R0 0 0
0 0 0


is finitely generated (by the equivalence class of the matrix with 1 in
position 12 and zeros everywhere else).
Since the equivalence class of
 0 0 00 0 x
0 0 0


is in the annihilator of I for any real number x, it follows that the
annihilator of I is not finitely generated (otherwise we obtain a contra-
diction: that R is finitely generated over Q).
So R is not a right coherent ring (by [9]).
2) Another example can be obtained by considering a two by two matrix
triangular ring S with the diagonal entries from a field K, and with
the other non zero entries from a field Q with K ⊆ Q of left dimension
m <∞ but such thatQ has infinite rightK-dimension. This triangular
matrix ring is left hereditary and left perfect of finite global dimension.
Using a modified version of Lam’s argument ([9], page 139) one can
show that the annihilator of
[
0 1
0 0
]
is not a finitely generated right ideal. So the ring S is not right coherent.
3) The previous examples can be used to construct more examples of
left GF-closed rings that are not right coherent, and such that over
these rings every Gorenstein projective is Gorenstein flat and every
Gorenstein flat has finite Gorenstein projective dimension.
Let R1 be right coherent and left n-perfect and let R be as in the ex-
ample (1) above. Then let Γ = R1 × R. Since both R1 and R are left
GF-closed, so is Γ (by [1]).
- We show that GP(Γ) = GP(R1)× GP(R)
By [1], any Γ-module M is of the form M1⊕M2 with M1 and R1 mod-
ule and M2 an R-module.
Let M1 be a Gorenstein projective R1-module and let M2 be an R-
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Gorenstein projective module. Then there are exact complexes of pro-
jective R1, respectively, R-modules, Pi = . . .→ P1,i → P0,i → P−1,i →
. . . with Mi = Ker(P1,i → P0,i). Then P = . . . → P1 → P0 → P−1 →
. . . is an exact complex with each Pi = P1,i⊕P2,i a projective Γ-module.
Let Q = Q1 ⊕ Q2 be a projective Γ-module; then Q1 is a projective
R1-module and Q2 is a projective R-module. By [1] we have that
Hom(P, Q) ≃ Hom(P1, Q1)⊕Hom(P2, Q2). So Hom(P, Q) is an ex-
act complex.
Also, let M = M1 ⊕M2 be a Gorenstein projective Γ-module. Then
there exists an exact and Hom(−, P roj) exact complex of Γ projective
modules P = . . .→ P1 → P0 → P−1 → . . . with M = Ker(P1 → P0).
Then, by [1], Pi = P1,i ⊕ P2,i and P = P1 ⊕ P2 with Pi = . . . →
Pi,1 → Pi,0 → . . . an exact complex of projective modules with Mi =
ker(Pi,1 → Pi,0).
Let Q = Q1 ⊕ Q2 be a projective Γ module. Then Hom(P, Q) ≃
Hom(P1, Q1)⊕Hom(P2, Q2). It follows that M1 is a Gorenstein pro-
jective R1-module and M2 is an R-Gorenstein projective module.
By [1], we have that GF(Γ) = GF(R1)× GF(R).
For any M ∈ GP(Γ) we have M = M1 ⊕M2 with M1 ∈ GP(R1) and
M2 ∈ GP(R). Then M1 ∈ GF(R1) and M2 ∈ GF(R), so M ∈ GF(Γ).
Let N be a Gorenstein flat Γ-module. Then N = N1 ⊕ N2 with N1 ∈
GF(R1), andN2 ∈ GF(R). SinceGpdΓN ≤ sup{GpdR1(N1), GpdR(N2)}
and GpdR1(N1) <∞ and GpdR(N2) <∞, it follows that GpdΓN <∞
Acknowledgement We thank Dag Oskar Madsen and Pedro Guil
Asensio for their help on some of the examples in section 4.
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